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QUATERNIONIC ALGEBRAIC CYCLES AND REALITY

PEDRO F. DOS SANTOS AND PAULO LIMA-FILHO

ABSTRACT. In this paper we compute the equivariant homotopy type of spaces
of algebraic cycles on real Brauer-Severi varieties, under the action of the
Galois group Gal(C/R). Appropriate stabilizations of these spaces yield two
equivariant spectra. The first one classifies Dupont/Seymour’s quaternionic K-
theory, and the other one classifies an equivariant cohomology theory 3*(—)
which is a natural recipient of characteristic classes KH*(X) — 3*(X) for
quaternionic bundles over Real spaces X.

INTRODUCTION

In [Ati66] Atiyah developed a K-theory for spaces (X, o) with an involution
o, the Real spaces in his terminology. The construction uses the notion of a Real
bundle (E,T) over (X, o) which consists of a complex vector bundle E over X, along
with an anti-linear map 7 : E — F covering the involution ¢ and satisfying 72 = 1.
The group KR(X) is then defined as the Grothendieck group of the monoid of
isomorphism classes of Real bundles over (X, o), and the resulting theory is called
K R-theory.

In a similar fashion, J. Dupont developed in [Dup69] the symplectic K -theory
KSp(X) for Real spaces (X,0). His construction is similar to Atiyah’s, in that
K Sp(X) is the Grothendieck group of the monoid of isomorphism classes of symplec-
tic bundles over (X, o). In this context, a symplectic bundle (E,T) over (X, o) con-
sists of a complex vector bundle E over X, along with an anti-linear map7: £ — F
covering the involution ¢ and satisfying 72 = —1. Subsequently, R. M. Seymour
reintroduced this theory in [Sey73|, where he called it quaternionic K -theory and
denoted it by KH(X). We adopt this terminology, for it avoids confusion with the
non-equivariant notion of symplectic K-theory.

A clear and conceptual reason for the existence of these two competing theories
arises when one tries to find their respective classifying spaces in the equivariant
category. In fact, one can extend these theories to RO(Z/2)-graded cohomology
theories KR* and K H* in the sense of |Seg68] and [May77|. To this purpose, one
constructs Z/2-spaces (Z x BU)g and (Z x BU )y satisfying

[X_;,_,(ZXBU)]R]Z/Q gKR(X) and [AXV_;,_,(Z><B[/v)]]-[[]z/Qgl{}[(}()7

cf. [LLEM98b] and Proposition [4.3] respectively. These spaces are shown to have
the structure of Z/2-equivariant infinite loop spaces in [LLEM98b| and Theorem
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Ko, respectively, yielding the spectra classifying the desired equivariant cohomology
theories.

In order to construct such classifying spaces, we first identify Z/2—the underly-
ing group of the equivariant category—with the Galois group Gal(C/R). Recall that
the Brauer group [Gro57 Br(R) of R is also isomorphic to Z/2. This will be shown
to account for the two distinct K-theories in Section ¥l The argument is roughly
the following. Let P(C™) denote the projective space of complex 1-dimensional sub-
spaces of C™. In the language of schemes, this is the set of complex-valued points of
P! endowed with the analytic topology. The Galois group Z/2 = Gal(C/R) acts
on P(C™) via complex conjugation. Similarly, let H = C @ Cj denote the quater-
nions, and let P(H™) be the projective space of complex 1-dimensional subspaces
of H™. We give P(H™) the Z/2-action induced by multiplication by j on the left of
H". As a space, P(H") is homeomorphic to P(C?"); however the Z/2-actions on
P(C?") and P(H") are quite distinct. In fact, these spaces are the complex-valued
points of the two inequivalent Brauer-Severi schemes of rank 2n — 1 over R, under
the action of the Galois group. The aforementioned classifying spaces (Z x BU)r
and (Z x BU)y are then constructed using the usual equivariant stabilization of
the Grassmannians of complex linear subspaces of P(C™) and P(H"), respectively.

In order to develop a theory of characteristic classes for KR* and KH*, one
needs to introduce the appropriate equivariant cohomology theories. In [Kah&7]
B. Kahn defined characteristic classes for Real bundles, taking values in Galois-
Grothendieck cohomology with coefficients in the Z/2-modules Z(n). In the case of
quaternionic bundles, Dupont posed in [Dup99] the question of which equivariant
cohomology theory would be the natural target of characteristic classes, but the
question was left unanswered.

In this paper we provide an answer to this question by constructing a coho-
mology theory 3j; in which the characteristic classes for quaternionic bundles take
their values. Furthermore, we extend these characteristic classes to a natural trans-
formation of RO(Z/2)-graded cohomology theories KH* — 3. A crucial aspect
of our construction is the fact that the two distinct Brauer-Severi varieties P(C™)
and P(H™), used in the construction of the classifying spaces for KR* and KH*,
are also used to construct classifying spaces for the corresponding cohomology the-
ories. Under this approach, the classifying maps for the characteristic classes have
a similar description in both cases.

In order to place our constructions under the proper perspective, let us describe
how the characteristic classes for Real bundles were extended to K R* in [LLEM98b]
and [dS03a]. The main constructions go back to [LM9T], [BLLEA3] and [LLENM96].

Let Z%(P(C™)) denote the group of algebraic cycles of codimension ¢ in P(C™).
This is an abelian topological group on which Gal(C/R) acts via topological auto-
morphisms. See [LLFMO98a] for details and additional references. The equivariant
homotopy type of Z9(P(C™)) was determined in [dS03al, and it turns out to be a
product of classifying spaces for equivariant coohomology with coefficients in the
constant Mackey functor Z. More precisely, one has a canonical equivariant homo-
topy equivalence

2U(B(C™)) 2 Z x K(Z(1),2) x K(Z(2),4) x - x K(Z(g), 20)-

The associated equivariant cohomology theory is RO(Z/2)-graded (bigraded, in
this case) and the resulting invariants arise naturally in Z/2-homotopy theory. The
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functor represented by K(Z(q),2q) is denoted H?%9(—;Z). See Section [L3] for
notation.

The situation in K R-theory follows a standard, albeit non-trivial, pattern. A
canonical stabilization lim Gr? (C™) in the Z/2-homotopy category, of Grassman-
nians as Gal(C/R)-spaces, produces a classifying space BUr for K R-theory. It is
easy to see that H**(BUg;Z) is a polynomial ring over H**(pt; Z) on certain char-
acteristic classes, the equivariant Chern classes for K R-bundles. Furthermore, the
inclusion of Gr?(C™) — Z(P(C™)) stabilizes to give a map of equivariant infinite
loop spaces

cr : BUp — 2.2 [[ K(Z(p). 2p),
P
which classifies the total Chern class.

In this paper we provide the quaternionic counterpart of the constructions in
K R*-theory described above. This turns out to be a more subtle issue, and our
answer was inspired by the following observation, made in [Ati66] and [Dup69]. If
X is a Real space, then one has an isomorphism:

(1) KR(X x P(H)) = KR(X) ® KH(X).

The first task is to determine the Z/2-homotopy type of Z4(P(H")), under the
Z/2-action induced by j, as explained above. This is the action induced by the
Gal(C/R) action on the complex points P(H™) of the Brauer-Severi variety of rank
n—1 over R. This problem was first considered in [LLFM98b], where it was proved
that quaternionic suspension, Y : Z¢(P(H")) — Z4(P(H"*1)), is a Z/2-homotopy
equivalence. This reduced the problem to computing the Z/2-homotopy type of
cycle spaces of dimensions 0 and 1. Their homotopy type is quite distinct, and this
somehow reflects the sharp difference between quaternionic bundles of even and
odd complex rank. Later, in [LLFEM98c] the homotopy type of the space of cycles
29(P(H™))%/? was computed using suspension to a Real bundle other than O(1)
(which corresponds to complex suspension).

Based on the techniques of [LLFM98c], and on the Z/2-equivariant perspective
of [dS03a], we first establish the following splitting result.

Theorem [3.4l For k < n there are canonical equivariant homotopy equivalences:

(2) 224 )= 1:[ K(Z(2j - 1), 45 = 2))

and

k
(3) 2°H(P(H")) = H K(Z(25), 45))
where F(—,—) denotes based maps.

Note that the spaces F (P(H)4, K(Z(q),2q)) are classifying spaces for the coho-
mology functors H2%9(— x P(H);Z). This result completely determines the Z/2-
homotopy type of Z™(P(H")).

Applying a suitable stabilization procedure to the spaces Z(P(H")) we obtain a
Real space Zy. The connected components of this space are products of classifying
spaces for the functors H?**(—xP(H); Z), according to the splitting of Theorem B.4]
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Theorem B.7l The space Zy is written as a disjoint union of connected spaces

Zy = ]O_O[ 24,

Jj=—00
where the equivariant homotopy type of Zﬂ;}l is totally determined by

) i o (ITizy F(P(H) 4, K(Z(2k—1), 4k —2))), ifj is odd,
UL, F(P(H), K(Z(2K), 4k)) if j is even.

Using standard results in equivariant homotopy theory (cf. [CW91]), we prove
that the complex join pairing on algebraic cycles induces an equivariant infinite
loop space structure on Zy. We denote by 3j; the resulting equivariant cohomology
theory. Even at the zero-th level, 3%(X) has a non-trivial structure, coming from
the H-space structure on Zg; cf. Proposition [5.7

A similar stabilization procedure is then applied to the Grassmannians G?(H")
and the result is an equivariant infinite loop space (Z x BU )y =[] jez B Uél which
classifies KH*, as described above. The inclusion Gr?(H") Cc Z(P(H")) induces
a total Chern class map ¢ : (Z x BU)g — Zg, which turns out to be a map of
equivariant infinite loop spaces; cf. [@S).

In order to understand this Chern class map, we compute the equivariant
cohomology group 3%((Z x BU)y) by introducing suitable classes cj €
H?F(BUZ" x P(H); Z) and proving the following.

Theorem 5.3l Let il be the classes defined in (51). Then we have a ring iso-
morphism

H**(BUY x P(H);Z) = H**(BH); Z) [}, &5, ..., cl,.. .

The cohomology ring H**(P(H); Z) is computed in Section L7 _
The total Chern class map ca : BUy = [[;c; BU} — Zm = [[¢z Ziy sends the

component BUHQ}‘1 to the component Zﬂ;}l. Its equivariant homotopy type is determined
by the following result.

Theorem [6.61 The equivariant cohomology classes determined by total quater-
nionic Chern class map ¢ and the splitting [@Q) of Theorem [3.7 are given by

(5) 1+CH2-H+C5'H+---+CH2'H”+... OnBU%IU7
(6) R SR T on BU2H,

This paper is organized as follows: in Section [ we introduce the necessary
background from Z/2-homotopy theory needed to state our results. In Section
we establish a canonical splitting for the space of zero cycles on P(H™). In
Section 3 we compute the Z/2-homotopy type of Z¢(P(H")) and define the infinite
loop space of stabilized cycles Zy. In Section [ we apply the same stabilization
procedure to the Grassmannians GY9(H"), obtaining an equivariant infinite loop
space (Z x BU)y. We show that (Z x BU)y classifies Dupont’s quaternionic K-
theory. Section [Blis dedicated to computations involving the characteristic classes
for quaternionic bundles defined in Section @} a projective bundle formula is proved
and the characteristic classes for the universal quaternionic bundle over (Z x BU )y
are computed.
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1. PRELIMINARY RESULTS FROM EQUIVARIANT HOMOTOPY THEORY

In this section we review definitions and results from equivariant homotopy the-
ory. Throughout this section G is an arbitrary finite group, and later on we spe-
cialize to the case G = Z/2.

Definition 1.1. If V is a representation of G, SV denotes the one point compact-
ification of V and, for a based G-space X, 2V X denotes the space of based maps
F(SY, X) equipped with its standard G-space structure. The set of equivariant
based homotopy classes [SV, X]g is denoted by my(X). Given a G-space X, we
denote by X the pointed G-space X U{+}, where + is a point fixed by G. A based
G-space X is an equivariant infinite loop space if for each orthogonal G-module V'
one can find G-spaces Xy along with equivariant homeomorphisms X = QY Xy
satisfying natural coherence conditions. We refer the reader to [May96] for details.

1.1. Coefficient systems and Mackey functors. Let GF be the category of
finite G-sets and G-maps. The coefficients for ordinary equivariant (co)homology
are (contravariant) covariant functors from GJ to the category Ab of abelian groups
which send disjoint unions to direct sums.

Given a contravariant coefficient system M there are Bredon cohomology groups
H*(—; M) with coefficients in M. They satisfy G-homotopy invariance and the
suspension axiom, and they are classical cohomology theories in the sense that
they satisfy the dimension axiom H(pt; M) = M and H"(pt; M) = 0, for n > 0.

There are certain coefficient systems—called Mackey functors—for which Bredon
cohomology can be extented to an RO(G)-graded theory. A Mackey functor M is
a pair (M., M*) of functors M, : GF — Ab and M* : GFP — Ab with the same
value on objects and which transform each pull-back diagram

A%B

a2 |»
C LR D
in GF into a commutative diagram in Ab
M) 2D By
)| [arm
M) XYy (D)
Example 1.2. In this paper we are interested in the case where M = Z is the
Mackey functor constant at Z. This Mackey functor is uniquely determined by the
following conditions (cf. [May86| Prop. 9.10]):
(i) Z(G/H) = Z, for H < G,
(i) if K < H, the value of the contravariant functor Z* on the projection p :
G/K — G/H is the identity.

The RO(G)-graded cohomology groups with coefficients in a Mackey functor
M are denoted H*(—; M) and the corresponding reduced cohomology groups are
denoted H* (—; M). For each real orthogonal representation V' there is a classifying
space K (M, V) such that, for any G-space X,

HY(X; M) =2 [X,, K(M,V)g.
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The spaces K (M, V) come with G-homotopy equivalences
KM, V)= QVK(M,V +W)

which fit together to form the equivariant Eilenberg-Mac Lane spectrum HM.
This implies that H*(—; M) satisfies the suspension axiom in the direction of any
representation:

HYAW(SV A X M) = HY (X; M).

1.2. Dold-Thom theorem. Our interest in the Mackey functor Z lies in the fact
that just as the space of zero cycles (of degree zero) on the sphere S™ is a model for
the non-equivariant Eilenberg-MacLane space K (Z,n), zero cycles on a representa-
tion sphere SV provide a model for K (Z, V). This is a consequence of the following
equivariant version of the classical Dold-Thom theorem.

Notation 1.3. Let X be a G-space. The topological group of zero cycles on X,
denoted by Zo (X), comes with an augmentation deg : Zo (X) — Z sending an
element ) .n;x; € Zo(X) to >;n; € Z. Denote by Zo(X), the kernel of this

augmentation.

Theorem 1.4 ([dS03b]). Let G be a finite group, let X be a based G-CW-complex
and let V' be a finite dimensional G-representation. Then there is a natural equiv-
alence B

mvAG(X) = HY (X;Z).
In particular, AG(SV) is a K(Z,V) space.

Remark 1.5. We would like to thank the referee for having pointed out that long ago
G. Segal, in an unpublished work, proved a version of the equivariant Dold-Thom
theorem.

1.3. Motivic notation. From now on we restrict ourselves to the case of G = Z/2.
We will use motivic notation for Z/2-equivariant cohomology, for it is compatible
with the invariants used in algebraic geometry.

Notation 1.6. Let s be the one dimensional real sign representation of Z/2 and let 1
stand for the one dimensional trivial representation. Then RO(Z/2) =Z-1+Z-s.
With p > q, we write

(1) RP for (p—q)-1@q-s;

(2) SP4 for RP9 U {o0};

(3) HP4(—;Z) for H*"*(—;2);

(4) K(Z(q),p) for K(Z,R™?).

1.4. Vector bundles over Real spaces. Given a Real space X, one can use
its equivariant structure to study two classes of complex bundles over X, namely
the Real and quaternionic bundles. This study yields two distinct, albeit related,
equivariant theories: the Real K -theory studied by Atiyah in [Ati66] and the (equi-
variant) quaternionic K-theory studied by Dupont in [Dup69].

Definition 1.7. Let (X,0) be a Real space and p : F — X be a complex vector
bundle. Let 7 : E — E be a continuous map covering o and such that for any
x € X the resulting map 7: E, — E,, is anti-linear.

(a) If 72 = id then (E,7) is a Real bundle;

(b) If 72 = —id then (E, ) is a quaternionic bundle.
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The dimension of a Real or quaternionic bundle is defined as its complex dimension,
and morphisms between such bundles are bundle morphisms that commute with
the structure maps 7.

The isomorphism classes of Real bundles form a monoid under Whitney sum,
whose Grothendieck group is called the Real K-theory KR°(X) of X. Similarly,
the Grothendieck group of isomorphism classes of quaternionic bundles gives the
quaternionic K -theory groups KH®(X) of X.

It turns out that K R(—) yields a Z/2-equivariant cohomology theory represented
by a Z/2-spectrum whose 0-th space is Z x BU with its natural Z/2-action induced
by complex conjugation. If one denotes the resulting Real space by (Z x BU)g,
then

KR(X) = [Xy, (Z x BU)glz2,

for any compact Real space X. One can define Chern classes for Real bundles with
values in H**(—;Z) as usual, by pulling back certain classes from H**(BUg;Z).

Theorem 1.8. There exist unique classes ¢k € H?""(BUg;Z) whose image under
the forgetful map to singular cohomology is the n-th Chern class ¢, € H*"(BUg;Z).
Furthermore, we have the following ring isomorphism:

H**(BUgp;Z) = Rlcy,...,ck .. ],

IR TR

where R is the cohomology ring of a point, H** (pt; Z).

Proof. This follows from the fact that BUg has an equivariant cell decomposition
given by the Schubert cells. O

Definition 1.9. The n-th equivariant Chern class of a virtual Real bundle £ over X,
classified by f : X — BUg , is the cohomology class cx(¢) := f*(ck) € H*™"(X;Z).
The equivariant Chern classes satisfy Whitney sum and projective bundle formulas.

In Sections @l and Bl we develop corresponding results for quaternionic K-theory.

1.5. Thom isomorphism for Real bundles. Just as in non-equivariant homo-
topy theory, the existence of a Thom isomorphism is directly related to the existence
of orientations in the cohomology theory under study. We will see that Real bun-
dles are HZ-orientable and hence there is a corresponding Thom isomorphism for
Real bundles.

Definition 1.10 ([May96]). Let G be a finite group. Let & 2+ X be an n-plane
G-bundle over a G-space X. An HZ-orientation of ¢ is an element p of HZY(T (X))
for some « of virtual dimension n, such that, for each inclusion i : G/H — X, the
restriction i*p to T (i*€) is a generator of the free HZ*(S%)-module HZ}, (T (i*€)).

Proposition 1.11. Let X be a Real space and let € ¥> X be a Real bundle. Then
& is HZ-orientable.

Proof. 1t suffices to consider the case where £ is a Real line bundle. In this case we
observe that T () = P(£ ® C)/P(€) and set p = ¢1(A) where A — P(£ @ C) is the
tautological line bundle and c; denotes the Real first Chern class. Since A|p() is
trivial, p descends to a class in the cohomology of T (), which is also denoted by
w. Consider an equivariant map i : (Z/2)/H — X. There are two possible cases.
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(i) H = Z/2: In this case T (i*¢) = P(C?) with the Z/2-action given by com-
plex conjugation. Then c;(\)[p(c2) is the first Chern class of the tautological
bundle over P(C?), which is a generator for H**(P(C?),Z) over HZ*(SY) =
H** (pt, Z).

(ii) H = {0}. In this case T (£) = Z/2, A S*°. We have H**(Z/2, N 5*°,Z) =
H*(S%7Z) and KR(Z/2, A 5*°) = K(S?). It is easy to see that, under
these isomorphisms, ¢1(\) is the usual Chern class and hence it generates
H**(Z/2, A S*°,Z). O

Definition 1.12. Given a vector bundle £ — X over X, the projection p : P(E® 1)
— X along with the quotient map ¢ : P(E® 1) — T (§) = P(£ @ 1)/P(&) induces a
map A : T (&) = T (&) A X4 called the Thom diagonal of &.

Proposition 1.13 (Thom isomorphism for Real bundles). Let & 2, X be a Real
n-bundle over a Real space X and let yu € H*™"(T (£),Z) be an orientation for €.
Then

Up : HP9(X y, Z) — H> P (€) , 2)

is an isomorphism for all p,q. Furthermore, there is an equivariant homotopy
equivalence

B Zo (T (€)), = Zo (X4 A SZ")

which induces the Thom isomorphism in homology
Hp,q(T (f) aZ) = Hp72n,qfn(X7 Z)~

Proof. The existence of the Thom isomorphism is an immediate consequence of
Proposition [[.IT} see [May96]. We proceed to construct an explicit map ¢,, at the
classifying space level which induces this isomorphism. Let f,, : T (£) — Zo(S?™"),

be a (based) classifying map for the orientation class i, hence f,,(co) = 0. Consider

the composition T (&) 2T (&) NXy Junid, Zo(S2m) o A X — Zo(S?P A X4 )o,

where A is the Thom diagonal, and the last map comes from the structure of
functor with smash products (FSP) for Zo (—). This composition induces a function
b+ Zo(T (€))o — 20(S2™ A X1),.

We claim that ¢, induces the Thom isomorphism in homology. Indeed, since
Zo(SP?), is a K(Z(q),p)-space, the assignment (p,q) — Zo(SP?), gives a model
for HZ. Moreover A induces a pairing

K(Z(q),p) NK(Z(¢'),p") — K(Z(g+q'),p+ 1)

which gives the usual ring spectrum structure on HZ; cf. [Dug0I] and [dSO35]. It
follows that the map in homology represented by ¢, is

Pu
Hy, 4(T(§),Z) > a — pe(pNa) € Hy—2n,q-n(X,Z),
the usual definition of the Thom isomorphism. The proof that ¢,. is in fact an
isomorphism goes exactly as in the non-equivariant case. Using the five lemma and
the Mayer-Vietoris sequence it is possible to reduce to the case where & 2 Xis

the trivial bundle, in which case T (£) = X4 A S?™™ and it is clear that ¢, is an
isomorphism. (I
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1.6. Poincaré duality. A smooth manifold X is called a Real n-manifold if it has
the structure of a Real space (X, o) whose tangent bundle becomes a Real n-bundle
over (X, o) under the action induced by do.

Proposition 1.14. Let X be a connected Real manifold of dimension n. Then, for
each k > 0, there is an equivariant homotopy equivalence

(7) PoF (X5 (S200 ) ) Sz (87 A XL,

which upon passage to homotopy groups induces the Poincaré duality isomorphism
(8) H2=Pn=9(X,2) 2= Hy o(X, Z).

Proof. By Proposition [I.13] the tangent bundle of X has an orientation in degree
(2n,n). It follows [CW92| that X satisfies Poincaré duality as in (8) and the duality
isomorphism is given by cap product with the fundamental class z € Hg,, ,, (X, Z)—
which corresponds to 1 € H*(X,Z) = H°(Xy)9; Z); cf. [CW92].

We now define a homotopy equivalence at the classifying space level realizing
the Poincaré duality isomorphism. Let r = n+k and let D denote the composition

Zo (X) A F(X 1,20 (S*7),) 2N 20 (X) A Zo (X) AF(X 4, 20 (5*").)
A 20 (X) A Zo (8277), — Zo (87 A XL,
where A is the diagonal map, ¢ is the group homomorphism induced by the eval-
uation map X A F(X1,20(S?"")o) — Zo(S*"7"),, and the last arrow comes from
the structure of functor with smash products (FSP) for Zy (—). Composing D with
a classifying map S?"" — Zg(X) for the fundamental class z we obtain a map
S2m A F(X 4, Zo(S%™)e) — Z0(S?"" A X4)o, with adjoint FI(X,Zo(S?""),) —

Q2 20(S%" A X4 )o. Composing with the natural equivalence

2n, 27, ~ 2k, k
Q720 (SPT A X)), = Zo (ST AXY),,
yields a map

P F(X, Zo(S2HRmtR) ) — 2 (SHF A X))

which induces the cap product with z. Hence P is an equivariant homotopy equiv-
alence. (]

1.7. The RO(Z/2)-graded cohomology of the Brauer-Severi curve P(H).
We start describing a relation between H**(—;Z) and Galois-Grothendieck coho-
mology. Let G be a finite group. Recall that the Borel cohomology I:[(*;(X :R) of a
G-space X with coefficients in a ring R is just the ordinary cohomology of the Borel
construction Xpg := X xXg FG. The Galois-Grothendieck cohomology groups of
X, with coefficients in a G-sheaf F, is defined as ﬁ(*;(X; F) := H(Xno; FxgEG),
where Fx ¢ EG is seen as a G-sheaf over X; . Given any G-spectrum kg there is
also a Borel-type cohomology theory associated with k¢, defined as the cohomology
represented by the G-spectrum F(EG4, kq).

From now on, we specialize to the case G = Z/2, and kg = HZ. Consider the
7/ 2-sheaves Z(n), which denote the constant sheaf Z considered as a Z/2-sheaf with
the Z/2-action of multiplication by (—1)™. The following proposition relates Galois-
Grothendieck cohomology with coefficients in the sheaves Z(n) to the cohomology
represented by F(EZ/24,HZ).
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Proposition 1.15. Let p,q be non-negative integers such that p > q. There are
natural isomorphisms

(9) U : HPI(— x EZ/21;Z) — HY (= Z(q)),
which assemble into a ring homomorphism
U: H*"(— x EL/21;Z) — Hy (= Z(%)).

In particular, if X is a free Z/2-space, H**(X;Z) is periodic with period (0,2),
and the periodicity isomorphism is given by multiplication with a generator of
HY2(EZ/2;7Z) = Z.

Proof. We use Zy(SP9), as a model for the classifying space K(Z,RP?). Our first

observation is that the cohomology groups HP (X;Z(q)) can be expressed as Bredon
cohomology groups of X x EZ/2. In fact, we have

HY (X3 Z(q) = HP(X x BZ/2;Z(q)),

where the right-hand side denotes Bredon cohomology and Z(q) is the coefficient
system determined by the Z/2-module Z(q). Hence,

HY (X5 2()) 2= [X x BZ/24,20 (S7), @ Z(q)]z/2,

where Zo(SP)o ® Z(q) is Zo(S?), with the Z/2-action given by multiplication by
(=1

A direct computation shows that there is a class @y, 4 in flg/Q (579, 7Z(q)), whose
image under the forgetful map to singular cohomology is the fundamental class of
SP4. Hence there is an equivariant map 2o (SP?), x EZ/2 — Zo(S?)o ® Z(q) which
is a non-equivariant homotopy equivalence. Composition with this map induces an
equivariant homotopy equivalence

F(BZ/2+, %0 (S™), x EZ/2) = F(EZ/24,%0 (S"), & Z(q))-
Composing with the map FZ/2 — % gives an equivariant homotopy equivalence
F(EZ)24,%0 (S79), x EZ/2) = F(EZ/2,, 2% (S77)),
which induces the isomorphism ¥ in (@)).
The pairing Z(q) ® Z(q') — Z(q + ¢') gives
HY (= Z(q)) ® HY o (= Z(") — H} o (= Z(a+ ),

and this corresponds under the natural isomorphism (@) to the cup product in
H**(— x EZ/24;Z), since apq Uy ¢ = Qpipr g+q - Now, let t be a generator of
H2(EZ/2;Z) = Z and let X be a free Z/2-space. The Z/2-homotopy equivalence
X = X x EZ/2 makes the cohomology of X into a module over H**(EZ/2;Z), and
the compatibility of ¥ with products shows that the following diagram commutes:

HP42(X;2) —— HE (X5 Z(g +2))

w-| ia

HP(X;Z) —— AP, (X;Z(g))

Hence t U — is an isomorphism. (I
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Notation 1.16. As observed above, if X is a free Z/2-space, there is a natural
homomorphism

H** (X x EZ;Z) — H*(X; )
making H**(X;Z) into a module over H**(EZ/2;Z). From now on we will use ¢
to denote both a generator of H*2(EZ/2;7Z) = Z and its image under the homo-
morphism above. Multiplication by ¢ induces the (0, 2) periodicity in H**(X;Z).

Corollary 1.17. Let X be a space with a free Z/2-action. There is an Es spectral
sequence
H*(BZ/2;3'(X; Z(q))) = H*""(X; Z).

Proof. It is shown in [Groh7] that there is an Es term spectral sequence

H*(BZ/2; H'(X; Z(q))) = H3 /5 (X; Z(g)).-

O

Definition 1.18. Let P(H") denote the projective space of complex lines through
the origin in H"™ endowed with the analytic topology and with the involution o
induced by left multiplication by the unit quaternion j on H". This Real space
coincides with the space of complex points of a real Brauer-Severi variety under the
action of Gal(C/R). In particular, P(H) is the space of complex points of the real
Brauer-Severi curve associated with the division algebra H = C & Cj.

We proceed to compute the cohomology ring H**(P(H); Z). For ¢ = 0, we have
H**(P(H); ) = H*(P(H)/z/2; Z) = H*(RP?; Z).
For g = 1, the spectral sequence (I.I7) gives

Z/2, p=1,
HPY(P(H)Z)={Z, p=2,
0, otherwise.

Moreover, HY(P(H); Z) and H?°(P(H);Z) are generated by the image of the ho-
momorphism
H**(EZ/2;Z) — H**(P(H); Z).
Let € denote the generator of H(P(H); Z) and let € be its image in H'(P(H); Z(1))
under the ring homomorphism ¥ of [@). One can check that ¢’ 2 # 0 hence €2 is the
generator of H?2(P(H);Z).
The group H*!(P(H);Z) is generated by the fundamental class of P(H), which
we denote by x. Using the (0, 2) periodicity in Proposition [[.TH one has
H*?(P(H); Z) = H*(RP* Z) = 0,
hence x? = 0. The same argument shows that xe = x> = 0.

Remark 1.19. The generator x is the first Chern class ¢} (9(2)) of the Real bundle
0(2) over P(H).

Putting all these facts together and using the fact that ¢ U — is an isomorphism,
we obtain a ring isomorphism

(10) H**(P(H); Z) = Zle,x, t,t1]/(2¢, €3, x€,x?),
where €,t and x have degrees (1,1), (0,2) and (2, 1), respectively.
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2. THE Z/2-HOMOTOPY TYPE OF ZERO-CYCLES

A structure on a complex vector space V' is a complex anti-linear map o : V — V
that satisfies either 02 = I or 0> = —I. In the first case, o is called a Real
structure and the pair (V, o) is a Real vector space; in the latter case, o is called
a quaternionic structure and the pair (V,o) is a quaternionic vector space. A
morphism f : (V,oy) — (W,ow) of vector spaces with structure is a complex
linear map from V to W commuting with the respective structures.

Any Real vector space (V, o) of complex dimensin n is isomorphic as a vector
space with structure to (C",0,), where o, denotes the usual complex conjugation
on C". Similarly, any quaternionic vector space (V, o) of complex dimension 2n is
isomorphic to (H", 0,), where H = C @ Cj denotes the algebra of quaternions and
0, is induced by multiplication by 7 on the left of H™.

Remark 2.1. Tt is clear that if (V| o) is a quaternionic vector space, then o naturally
induces a structure o4 on the symmetric power Sym, (V) which is Real if d is even
and quaternionic if d is odd. In particular, one has

(11)  (Symgy(H), 02¢) = (C***,05) and  (Symgy; (H), o2p41) = (H, 05).

Let H* denote the complex dual of H. If f : H* — C is a non-zero linear
functional we denote its zero locus by [f] € P(H). See Definition [LI8

The d-fold symmetric product SPq(P(H)) inherits a Real space structure o:
SP4(P(H)) — SP4(P(H)) induced by the involution o on P(H); cf. Definition [.18]
Denote the elements of SP4(P(H)) multiplicatively as [fi]---[fq]. Then the map
sending [f1]---[fa] to [fi--- f4] induces an isomorphism of Real spaces between
SP,4(P(H)) and P(Sym,(H)).

The canonical inclusion i, 4 : P(H") — P(H?), for n < ¢, given by setting the
last coordinates to zero can be described up to linear isomorphism in terms of
symmetric products as follows. Let [f,] € P(H) be some point and let [fJ] denote
its image under the quaternionic involution ¢ and define

(12) in,g : P(H") = SPap 1 (P(H)) — P(H?) = SPa,—1 (P(H)),
(] Ufana] = ([l [FTDT - ] - - [fan—a].

This is a morphism of Real spaces.
Following [LLFM98c|, given a < b we define

(13) "ba  SPy(P(H)) — SP (1) (SPa(P(H))),
Ll Ul = Y [fal - L),
[I|=a

where the sum runs over all multi-indices I = {1 < iy < -+ < i, < b}. Notice that
Tp,q are always morphisms of Real spaces regardless of the parities of a and b.
In order to simplify notation, write

(14) My, = Zo (SP2n—1(P(H))) = Zo (P(H")),
and let
(15) \Ijn : Mn - Qn = Mn/Mnfl

denote the quotient map. We adopt the convention that M_; = {0}.
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Now, use the morphisms 7 , to construct maps
(16) Ryn: My — M,
as follows. Given T € P(H?), define for n < ¢,
Rq,n(T) = 7”2q—172n—1(7)

2n—1 .
{17) Y (q_nj]ﬂ) (ol + [£51) r20-1.20-1-4(7).

Extend Ry, linearly to arbitrary O-cycles on P(HY). Finally, for n < ¢, define
dqn : Mg — @y as the composition gq.n = ¥, 0 Rg,n and let g = V.

Proposition 2.2. Let {(Mp, Qn, Gg.n, lqn) | dgn : Mg — Qn, ng: My — My, 0<
n < g} be the collection of groups and maps defined above. Then the following
assertions hold:

(a) The homomorphisms in,q and qqn are equivariant with respect to the Z/2-
actions on M, and Q, induced by the quaternionic structure on H".

(b) The sequence M, _1 RN SN Qn 1s an equivariant principal fibra-
tion, for all n.

(¢) The following diagram commutes:

M, —— M,

n,q

(18) qn,ni J/Q(],n

id
Proof. The first assertion is evident from the definitions.

Now, observe that the Z/2 involution on P(H") induced by the quaternionic
structure on H" is a real analytic involution. Therefore, the pair (P(H"), P(H"~1))
becomes a Z/2-simplicial pair after a suitable equivariant triangulation. Now, the
second assertion follows from [LEO7, Thm. 2.7]

In order to prove the last assertion, consider elements z1,...,%2,—1 € P(H) as
free variables and let S denote the polynomial ring S := Z[x1,...,x24-1]. It is
clear that roq—1 2n—1(21 - x2q—1) € SP(giill)(SPgn,l(P(H))) can be seen as the

coefficient of t2"~1 in the polynomial

(19) PNy, e 1) = 1:[(14—@-1&) c St

i=1
In particular,

T2¢g—1,2n—1—5 © in,q(ﬂh e '$2n—1) = 7”2q—1,2n—1—j($1 cr e T2n—1 (fof;’)”_")

is the coefficient of t>*~1=7 in the polynomial P2 !(x1,...,z0n_1)(1 + fot)9~" -
(1+ foty.
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Using the above observations, and the definition of R,,, one concludes that
Ryn(ing(z1 - x2,-1)) is the coefficient of *"~! in

(20)

2n—1
< IT a+ m)) (L4 fot) (1 + fgr)r™

3 -1y (q‘”jj - 1) () + () ¢

+ 3 (-1 (q‘ . 1) () + (FSYT 8 (14 fot) (1 + f:ft)q”}

i=1 J
seen as an element in the ring Z[z1, ..., Ton—1][fo, fZ,t] of formal power series in
the variables f,, f7,t with coefficients in Z[x1, ..., Z2p-1]-

We now observe that the inverse of (1+ )" in Z[y] is given by

(VT
i=0 J
and hence, the element

(L+ fot) (L + fT0)T"

*2 (T T (P Y L £

J
in Z[fo, f<,t] is seen to be equal to
(21) (L4 fot) (14 1) {( 1+fo )"+ (L4 [T — 1)
=@+ IO+ (L4 fot) ™" = (L+ fot) " (1 + fTt)T7

If one writes (1 +yt)Y = 1+ ya¥ (y), then the right hand side of formula (ZI]) can
be written as

(LI + (L4 fot)" = 1+ fot) (1 + fI1)4"
=1+ 507"+ A+ fot)" = (L + fTaf " (f7) (1 + foaf ™" (fo))
=1+ IO+ 1+ fot)i™"
— {1+ f5af " (fS) 4 foad T (fo) + £5 focd " (f)ad ™" (fo) }
=@+ )"+ (14 fot)'™"

—{A+ IO+ (L4 fot) T = 1+ [T foad " (fT)ad " (fo)}
=1— fSfo {ad™"(f)ai ™" (fo)} -
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We now apply the latter identity to equation (20 and obtain
Ryn (ing(@1 - ¥2n-1)) = @1+ Dan—1 — f3 fo(*),
for some element x. Therefore,
g, © in,g(T1 - Tan—1) = Uy (Rgn(ing(1 - T2n-1))) = ¥n (21 T2n-1),
and this shows that the diagram (I8) commutes, concluding the proof. ([l

Corollary 2.3. Given a based Real space X, the maps qn; : Zo (PH™)) —
2o (P(HY)) /2o (P(H/™1)) induce an equivariant homotopy equivalence

Zo (X A P(H),), —nXdnnzt X Xan, H Zo (X A {PWY)/PHIH}),,

where we set P(H)/P(H°) := P(H)..

Proof. Define M; = Zo(X AP(HY), ), and Q; = Zo(X A {P(HY)/P(H/~1)}), for
j=1,...,nand define My = {0}. Observe that one has an equivariant isomorphism
Mj/Mj,l = Qj for j=1,...,n. Let ¥; : M; — @; denote the projection and let
in.q : My — Mg be the canonical inclusion induced by the inclusion of spaces when
n < q.

The maps r2g—1,2n—1, described in ([I3), induce maps
(22) Tog—1,2n—1: X ANP(H")4 — SP@::)(X AP(H")4)
defined as the composition

XA {SP(gq_l)(P(H”))}

2n—1

1dAT2g—1,2n—1

X AP(HY), SEATEN SP (z-1y (X AP(H")4),

2n—1

+
where the latter is the natural structural map when we see SP,(—) as a functor
with smash products. Finally, define G4, := ¥, 0 Tog—1,2n—1.

It is immediate from the definitions that all the assertions in Proposition
hold for the new collection (M,,, Q., (qu,%n,q) above. These assertions guarantee
that the spaces and maps involved, along with their restrictions to fixed point sets,
satisfy the hypothesis of [FL92| Prop. 2.13]. The corollary follows. O

In order to fully understand the equivariant homotopy type of Zo (P(H")) we
are reduced to understanding Zo(P(H”)/P(H/~1)),. However, P(H/)/P(H/~!) =
T (Op(m) (1) ® HI7!) is the Thom space of the Real bundle Opgy) (1) @ HI~L. Tt
follows from Propositions and [LT4 that the Thom class of Opgy(1), along
with Poincaré duality, determines a unique equivariant homotopy equivalence
(23)

Zo (P(H7)/P(H/ ™)) = Zo (T (Opan (1) @ H/ 7))

This proves the following result:

= F(P(H)4, 2o (Y2271 ).

o

Corollary 2.4. There exists a canonical equivariant homotopy equivalence

n

[ # (B 20 (s

J

Zo (P(H"))

1%

Il
i

F(P(H), K(Z(2j—1),4j =2)).

1%
=

<.
Il
—
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The last equivalence follows from the equivariant Dold-Thom theorem proven in

[dS03b]; cf. (T4).

3. QUATERNIONIC ALGEBRAIC CYCLES AND THE JOIN PAIRING

In this section we study the equivariant topology of groups of algebraic cycles
under quaternionic involution, and construct stabilizations of such objects that
yield equivariant Z/2-spectra.

3.1. Equivariant homotopy type of algebraic cycles. Let (V,0) be a quater-
nionic vector space. An algebraic cycle of codimension ¢ on P(V) is a finite linear
combination Zf:o m;A;, where m; € Z and A; C P(V) is an irreducible subvariety
of codimension ¢ in P(V'). The following properties hold.

Facts 3.1.

(a) The collection of algebraic cycles of codimension ¢ in P(V') forms an abelian
topological group Z4(P(V')) under addition of cycles; cf. [LE94].

(b) The quaternionic structure o on V' induces a continuous involution o, :
Z29(P(V))—2Z9(P(V')) which is also a group homomorphism; cf. [LLFM98c]|.
This gives an action of Z/2 on Z4(P(V)) via group automorphisms. We
reserve the word equivariant in the present context to mean Z/2-equivariant
under this quaternionic action.

(c¢) There is a continuous degree homomorphism deg : Z9(P(V)) — Z which
assigns to a cycle ). n;A; the integer ) . n; deg(A;), where deg(A;) is the
degree of A; as a subvariety of P(V'). For each d € Z, denote Z9(P(V))q4 :=
deg™*(d) the subspace of cycles of degree d. Each Z9(P(V))q is a connected
component of Z¢(P(V)).

Given two quaternionic vector spaces (V, oy ) and (W, ow ), one has an equivari-
ant external join pairing

(24) #: 29(P(V)) x 27 (P(W)) — 2979 (P(V & W))

given by the ruled join of cycles. The map # is the bilinear extension of the
following operation. Given an irreducible subvariety A C P(V) of codimension
g, and an irreducible subvariety B C P(W) of codimension ¢', let A#B be the
irreducible subvariety of P(V @ W) obtained by taking the union of all projective
lines in P(V @ W) joining points in A to points in B, after taking the embeddings
ACPWV)=P(Va0) CcP(VeW)and BCP(W)=PO0aeW)CPV e&W). We
refer the reader to [LLEM96] for more details.

Remark 3.2. The degree of cycles is additive with respect to addition of cycles and
multiplicative with respect to the join, that is, given cycles 01,09 € Z9(P(V)) and
71 € Z9(P(W)), one has

deg (01 + 02) =degoy +degos and deg (o1#71) = degoy deg 71.

If one thinks of P(H) as an element in Z°(P(H)), one can use the join to define
the quaternionic suspension map:

(25) Yu : 2YP(V)) — 24P(V & H)),
¢ — c#P(H).
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Remark 3.3. (1) This definition parallels the construction of the complex suspension
map Lc : ZUP(V)) — Z9P(V @ C)) for a Real vector space (V, o), whose
(non-equivariant) homotopy properties were first studied in [Law89]. Equivariant
properties for this map, with respect to the complex conjugation involution, were
studied in [Lam90], [LLEM98a], [LLEFM98b], [dS03a], [Mos98].

(2) Another useful description of the suspension map is the following. Consider
a surjection f : V. — W of quaternionic vector spaces, and let C' C V be a
(quaternionic) complement of the kernel K := ker f, so that V is the internal
direct sum K @ C with C' 2 W. The latter isomorphism induces a homomorphism
Z9(P(W)) =2 21(P(C)) Zx, Z9(P(C® K)) 2 Z2(P(V)) . One can easily verify that
the resulting “pull-back map” f* : Z9(P(W)) — Z9(P(V)) is independent of the
choice of the complement C.

We proceed to determine the equivariant homotopy type of spaces of algebraic
cycles Z9(P(H™)) of arbitrary codimension ¢ on P(H"). Given a quaternionic vec-
tor space (V,0), the total space of the Real bundle 7: Opyy(1) @ H — P(V) is
P(V @H) —P(H). By the homotopy property for Real vector bundles [dS03al Prop.
4.15] it follows that the flat pull-back of cycles

7 Zy(B(V)) = Zpy2(B(V © H) — (H))
is an equivariant homotopy equivalence. Since Zp42(P(H)) = 0 it follows that
Zpt2(P(V & H) — P(H)) = Zp12(P(V & H)).

It is easy to see that, under this isomorphism, 7* coincides with the suspension
homomorphism (Z5)). It follows that Yy is an equivariant homotopy equivalence.
In particular, for £ < n, one obtains equivariant homotopy equivalences:

(26) g ZFHPHY)) = Zo (PHY)) — 27471 (B(H™))
and
(27) pokmlo 22R(PMHATY)) = 24 (PHFTY) — 220 (P(H™)).

Thus, it suffices to determine the equivariant homotopy type of Z;(P(HF)).

Again, let (V,0) be a quaternionic vector space, and recall that Sym, (V') has a
natural structure of a Real vector space; cf. Remark 2.1 It follows that the image
of P(V') under the Veronese embedding v : P(V) < P(Sym,(V')) becomes a Real
subvariety of P(Sym,(V')). Define

It is clear that Q(V) can be identified with the complex suspension
Lc(@2(P(V))) = na(P(V))#pos C P(Symy(V) ® C),

where poo = P(0 @ C) € P(Symy(V) @ C). Let Q(V) = Q(V) — {pso} denote the
total space of Op(y)(2) and consider the Real bundles 7, p in the following pull-back
diagram:

QV @ H) - Q0@ H) —2— P(V @ H) - P(0 & H)

| |

Q(V) -, P(V)
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Applying the homotopy property for Real vector bundles [dS03al, Prop. 4.15] to 7
and p in the diagram above, we obtain the following equivariant homotopy equiva-
lences:

Z1(P(V @ H) — P(0 @ H)) L Z2(Q(V & H) — Q(0 @ H))

It now follows that

Z1(P(VeoH)) 22:(P(H)) x Z:(P(V & H) — P(0® H))
>~ 7 x Zo(Q(V))
= Zo({pc}) x Z0(Q(V))
= Zo(Q(V)).

The preceding observations imply the following.

(29)

Theorem 3.4. For k < n there are canonical equivariant homotopy equivalences:

k
(30) 22U P(H™) = [[ F (P(H)y, K(Z(25 - 1), 45 —2))
j=1
and
k
(31) 22 (PH") = [ F®E), K(Z(25), 47)).
=0

Proof. The first equivalence follows from Z2*~(P(H")) = Z (P(H")) given by (26)
and Corollary 2:4] To prove the second one, first consider the equivalences

2k n ~ 2k k+1yy — k+1 ~ k
(32) 27 (P(H")) @ 2 (PH)) = 21 (PH)) o= Zo (Q(H"))
and
(33) Zo (Q(HF)) = Zo (T (Opgr)(2))) = Zo (S*' AP(H),) ;

cf. 208), @7), 29) and Propositions [[13] and [[.T4
Using Corollary one obtains

—.

Zo (S*'APMHY) ) = Zo (S*' A {PHY)/PHIY)})

o

<
Il
—

(34)

Il

Zo (S AT (Opy (1) @ B 1) })

o

<
Il
—

Il

Zo (T ({Op@ (1) @ '} & 1)),

<
Il
—

Finally, the canonical equivalence
Zo(T ({Opqy (1) @ BT } @ 1))o 2 F (P(H)+, Z0(S7%)o)

established in Propositions [[T3] and [[T4] along with B30), (3I) and (B2)), proves
the second assertion of the proposition. ([
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3.2. Stabilizations of cycle spaces. Here we use the group of algebraic cycles,
with the quaternionic Z/2-action, to construct equivariant infinite loop spaces using
the formalism of (Z/2)J,-functors explained in Appendix [Al

Consider a Real vector space (V, o) of complex dimension v, and let V* be its
complex dual. Denote by (Vig, o) the quaternionic vector space Vig := V ®¢ H with
quaternionic structure j defined by j(v ® h) = o(v) ® gh. If V # {0}, define

(35) 2(V) = ]_[ 22 (Vig & Vi),

Jj=—2v

where 22V (P(ViF @ Vir))1 denotes the space of algebraic cycles of codimension
2v+j and degree 1 in P(Vi§ @ Vip). Define Z({0}) to be the one-point set {1¢}. The
involution induced by o on P(Vy & Vi) gives Z(V) the structure of a Real space,
with a natural basepoint 1y = P(V & {0}) € Z2*(V¢ & Vi)1 C Z(V) which is
fixed under the Z/2-action.

Let (V,0) and (W, ¢’) be Real vector spaces of dimensions v and w, respectively.
Given an injective complex linear map ¢ : V' < W one has an induced map (id®i), :
22T (P(V; @ V)1 — 22T (P(Vg @ Wa))1, which is simply an inclusion map.
Similarly, if ¢* : W* — V* is the adjoint surjection, one has an induced map
(i*@id)* : 22T (P(VgeWn))1 — 22T (P(W5&Wa))1, given by the appropriate
pull-back of cycles; cf. Remark 33l Note that these maps are closed topological
embeddings. Define

(36)
i (V)= [ 2*HMEeWwev) — zW)= [ 2 @WieWn)
j=—2v j=—2w

as the composition (i* @ id)* o (id @ ).

Following the notation in Appendix [Al we use Mor(z,2)5, (V, W) to denote the
space of complex linear embeddings from V to W, where (V, o) and (W, ) are finite
dimensional Real vector spaces.

Lemma 3.5. Let (V,0) and (W, 7) be Real vector spaces. The assignment i — iy
defines a (Z/2)-map Z : Mor(z9)5, (V,W) — Map(Z(V'), Z(W)), where Z/2 acts on
both Mor(z,/2y5, (V, W) and Map(2(V'), Z(W)) via conjugation.

It follows that V' — Z(V') defines a functor from the category RJ, of Real vector
spaces and complex linear embeddings to the category Tz, of Real spaces and
arbitrary continuous maps. Furthermore, the statement in Lemma expresses
precisely the fact that this functor is enriched over the category (Z/2)T of Real
spaces and equivariant maps; cf. Appendix [A.1]

We now show that Z(—) comes with an additional structure, an equivariant
“Whitney sum” pairing, defined as follows. Given real vector spaces (V,o) and
(W, 0’), define

(37) #vw (V) x Z(W) = (Ve W)



4720 P. DOS SANTOS AND P. LIMA-FILHO

as the map whose restrictions to the components of Z(V') are given by the compo-
sitions

(38) Z*H(P(Vi @ Vi) x 22 TF(P(Wi & Wa))1
#, g2tttk (P @ Vg & Wy ® Wi

I g2tttk (p((V @ W)L @ (V@ W),

where # is the join pairing ([37). Here 7 denotes the map on cycles induced by the
composition of linear isomorphisms Vi @Vu@WieWy — (VieWs)e(VaeWn) —
(Ve W)y @ (V& W)y, where the former map is a shuffle isomorphism and the
latter is the usual natural identification. Define # w to be the identity map, after
the natural identification Z(P(0 @ V)) = Z(P(V)).

Proposition 3.6. The assignments V +— Z(V') along with the pairings #v,w give
Z(—) the structure of an equivariant Real (Z)2)3*-functor; cf. Definition [A.8 in
Appendiz[Al

Proof. Condition (i) in Definition follows from the definition of #yv w, and
condition (iii) is precisely the content of Lemma B.5. The fact that Z(—) is a
continuous covariant functor Z : (Z/2)J. — Tz, and that # gives a (coherently)
commutative, associative and continuous natural transformation # : Z x Z — Z
follows exactly as in the non-equivariant case; cf. [BLLF93]. We prove in (24)) that
#v.w is a (Z/2)-map, and this gives the last condition in Definition O

Consider our preferred complete Z/2-universe (C*, o), where o is complex con-
jugation; cf. Appendix [Al Following (67)) define
(39) Zy = lim Z(V)
VCCe
where V runs over all Real subspaces of (C*, o). Since the increasing coordinate
flag {0} € C C C? C --- C C is cofinal among the finite dimensional subspaces of
C®°, one observes that

2n
Zg =lim 2(C") =lm [ 2*"V@E@H"eH")).
n n o j=-2n

Here we are making the usual identification Cpp = C™ ®c H = H". The maps 4y
in the colimit above are compositions of algebraic suspensions and coordinatewise
inclusions. Therefore, they are compatible with the splittings given in Theorem

B4l
Theorem 3.7. The space Zy is written as a disjoint union of connected spaces
oo
za= [ 2
j=—00
where the equivariant homotopy type of Zﬂ;ﬂ is totally determined by
(I, F ). K(225-1), 4-2)  ifj is odd

[12, F(PMH), K(Z(25), 47)) if j is even,

(40) 2L = {

where the subscript 1 denotes the component of the non-equivariant fundamental
class of P(H).
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Proof. 1t is evident that if one defines

(41) 2, = lim 272 (B(H @ H)),,
then Zy = ]_[Joi_ o Z%I. The result now follows from the remark preceding the
theorem together with Theorem B4l O

Remark 3.8. Note the the equivariant homotopy type of Z%I is completely deter-
mined by the parity of j. Furthermore, a canonical inclusion of coordinate hyper-

planes gives immediately an equivariant homotopy equivalence Zj; = Z%IH, for all
j. For this reason we establish the notation

Zy = the equivariant homotopy type of ZI{H, for j even,

and
2934 .= the equivariant homotopy type of Zﬂ;}l, for j odd.

The spaces Zp and Z]‘fﬂdd are both connected. Also, it is easy to see that the fixed
point set (291)%/2 is empty while (2g')%/? is connected; see [LLFM98a). Since the
join operation is additive on the codimension of cycles it induces group structures
on the set of connected components of Zy and Zfﬂ/ 2 satisfying

(42) mo (25%) 222 c 2.2 mo (2).

We now explore the fact that Zy = @vcu Z(V) for the RI,.-functor Z. First
observe that Zy has an action of the equivariant linear isometries operad L.(U),
according to Proposition [A-9l Observe that the H-space structure on both Zy and
its fixed point set (Zx)%/? is induced by the join operation. Hence, it follows from
Remark that Zg is Z/2-group-like; cf. Definition [A6l This fact and Theorem
[AT yield our next result.

Theorem 3.9. The join operation makes the space Zy equivariantly homotopy
equivalent to an equivariant 7./2-infinite loop space.

Definition 3.10. The infinite loop space structure on Zy determines an equivariant
spectrum (cf. [May96]) denoted 3y, satisfying 3m(0) = Zpy.

4. QUATERNIONIC K-THEORY

In [LLEMO98b] the connective version of K R-theory is studied from the equivari-
ant point of view, along with a suitable theory of equivariant Chern classes. In this
section and the next, we provide quaternionic analogues, along with a suitable the-
ory of equivariant Chern classes and their equivariant deloopings. We must point
out that in [Dup99], Dupont conjectures the existence of an appropriate theory of
Chern classes for quaternionic bundles. Here we provide a natural answer to his
question.

4.1. Classifying spaces and equivariant quaternionic K-theory spectrum.
Given a Real vector space (V, o) of complex dimension v, we follow (B3] and define

2v
(43) Gr(V) = [ G e Vi)

j=—2v
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The assignment V' +— Gr(V') becomes functorial, as follows. Consider an inclusion  :
W < V of Real vector spaces of dimensions w and v, respectively. As in the previ-
ous section, we observe that i induces an inclusion (id®i), : Gr**™ (W @ Wi) —
Cr®" (W @ Vi) given by the inclusion of linear subspaces, and that the surjec-
tion i* : V* — W* induces another inclusion (i* @ id)~" : Gr¥ ™ (W @ Vi) —
Gr?"™ (Vi @ Vi), given by taking inverse images. Let iy : Gr(W) — Gr(V) be the
map given, on each connected component, by the composition

(44) iy i= (i* ©id) "' o (id © ).
Given a Real space X, and any Real vector space (V7 o), we denote by Vi the

quaternionic vector bundle X x Vi over X. Now, let &, denote the universal quo-
tient bundle over Gr*"*7 (V¥ @ Vi). The proof of the following result is standard.

Lemma 4.1. The map on Grassmannians
iy : G (Wi @ Wi) — G (Vi @ Vi),
induced by an inclusion i : W — V| satisfies
(i2)"&) = &y © (V/W ).
Definition 4.2. Define the Real space (Z x BU)y as the colimit
(45) (Zx BU)m == lim Gr(V).
VCCe

Observe that, in the same fashion as Zg (cf. Theorem B.7), the space (Z x BU )y
can be written as a disjoint union H;‘;_Oo BUJ; of Real spaces BUY; defined as
BU%I = lim Gr*"*7 (Vi @ Vig). Furthermore, the coordinatewise inclusion

—VCC>
C> — €, given by setting the first coordinate to zero, induces equivariant ho-

motopy equivalences
(46) BUj, = BUJ,? = ... 2 BUJ™ =~ ..

Hence all connected components of (Z x BU)y are either equivalent to BUY or to
BU};, and we denote by BUY and BUZ their respective equivariant homotopy
types.

Proposition 4.3. The space (Z x BU)y classifies quaternionic K -theory. In other
words, given a compact Real space X one has a natural isomorphism

(X1, (Z x BU)ulz/2 — KH°(X).

Proof. The proof follows standard arguments, as in [Seg68], and we only outline the
details which are particular to this case. Let (X, o) be a compact Real space. Given
an equivariant map f : X — (Z x BU)y, one can find a Real subspace W C C*,
dim W = w, so that the map f factors as a composition

2w
x % crwy 2 [ BUL € (Z x BU)s,
j=—2w
where the iy ’s are the natural maps from the directed system defining (Z x BU )g.
Now, assign to f the isomorphism class of the virtual bundle fJ, (éw) — Wy,
where &y is the bundle over Gr(W) whose restriction to the component
Gr2wti (Wi @ Wr) is the universal quotient bundle f{,V Ifi : W — V C C*®
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is an inclusion, then it follows from the construction of BUI{]I that fy =740 fur, and
hence one has equalities in KH(X):

Folev) = Va = fiv(is&v) — Vi = (fiv(ew) @ (W)} = Ve
— firlew) + (VIW), — Vi = fiv(éw) — Wi,
where the second one follows from Lemma 1] This shows that the element in
KH°(X) thus obtained is independent of the factorization through a finite di-
mensional Grassmannian. Standard arguments [Segb8] show that this assignment
only depends on the equivariant homotopy class of f and that the resulting map
U [Xy, (Zx BU)ulz/s — KH°(X) is injective.

In order to prove surjectivity, let (F, 7) be a quaternionic bundle over (X, ). One
can find sections s; : X — E,i=1,...,k generating E and define ¢ : H* x X — F
by sending (a1 + b1j, ..., ar + bij; =) to Zle a;si(x) + Zle biT(si(ox)) € Ey. Tt
is clear that ¢ is onto and that ¢ is a map of quaternionic bundles for the diagonal
quaternionic structure on H™ x X given by left multiplication by 7 on the first factor,
and by o on the second factor. It follows that the map f : X — Gri™ (HF¥) defined
as f(x) = ker (¢,) is equivariant and satisfies f*Q = E, where @ is the universal
quotient bundle over Gr¥™ £ (HF). The surjectivity of ¥ follows. O

Definition 4.4. For each j € Z, we denote by &9 the virtual universal quotient
bundle over BUY, of virtual dimension j, whose restriction to Gr®"™ (Vi @ Vi) is
& — Va.

Notice that the construction of Gr(V') here parallels that of Z(V'), given in (BH).
Furthermore, given Real vector spaces (V, o), (W, o’) one can define

(47) dvw : Gr(V) x Gt(W) - Gr(Vae W)

by sending L C Vii @ Vg and L' C Wi @ Wy to 7(L @ L), where 7 is the shuffle map
which switches coordinates from (Vi ®Vu) & (Wi@Wr) to (VadWr)* & (Va®Wa).
The following proposition is analogous to Proposition B.6] and is proven in a similar
fashion.

Proposition 4.5. The assignments V — Gr(V') along with the pairings ®v,w give
Gr(—) the structure of an equivariant (Z/2)J*-functor, in the language of [MayT7|.
See also [LLEMY6).

The proof of the following result is identical to the proof of Theorem [3.9.

Theorem 4.6. The direct sum operation induces an equivariant Z/2-infinite loop
space structure on the space (Z x BU)y.

Definition 4.7. The infinite loop space structure on (Z x BU)y determines an
equivariant spectrum (cf. [May96]) denoted Rsp, satisfying Rsp(0) = (Z x BU)y.
This is the connective quaternionic K-theory spectrum.

Remark 4.8. The same construction with Real vector spaces instead of quaternionic
ones would give (Z x BU)gr along with the equivariant infinite loop space structure
classifying K R-theory.

Let (V,0) be a Real vector space. An important feature of our constructions
is the fact that a complex linear subspace L of codimension 2v + j in Vy & Vi
is also an irreducible subvariety of codimension 2v + j and degree 1 in
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P(V @ V). Furthermore, the external direct sum of two such subspaces corre-
sponds to their algebraic join when seen as projective subvarieties. See [BLLF93]
for more details. This gives a natural transformation ¢ : Z(—) — Gr(—) of (Z/2)J.-
functors. Standard arguments, such as in [BLLF93], show that the resulting map
of colimits

(48) . (Zx BU)y — 2y
is a map of equivariant infinite loop spaces. In other words, it induces a map of

equivariant spectra ¢ : Rsp — 3p.

Definition 4.9. The map ¢ : Rsp — 3y is called the total quaternionic Chern
class map.

In order to analyze the quaternionic Chern class map in the level of classifying
spaces, we first need to understand the equivariant cohomology of (Zx BU )y xP(H).
This computation and the subsequent analysis form the content of our next section.

5. CHARACTERISTIC CLASSES

In this section we introduce characteristic classes for quaternionic bundles and
establish their relation to the total quaternionic Chern class map ¢ : (ZxBU)y —
Zm, in the level of classifying spaces.

Definition 5.1. Let E be a rank e quaternionic bundle over a Real space X. For
6 = 0,1, and 7 satisfying 0 < 2i 4 § < e, define the quaternionic Chern classes of F
by

CE@H&) (E) = 0157(2”5) (E®0(1)) - (i+9) 0157(2”5)71(]5 ® 0(1)) x,
where ¢_1(—) = 0 and x is defined in Remark [LT9

We first compute the equivariant cohomology of (Z x BU)y x P(H) and then
establish its relation to the total Chern class map c™.

5.1. Cohomology of (Zx BU )g. Observe that all components of (Z x BU ) x P(H)
have the same equivariant homotopy type, hence it suffices to compute
H**(BUg x P(H);Z). An explicit equivariant homotopy equivalence ¥ : BUf x
P(H) — BU x P(H) can be constructed as follows. Given a Real vector space
(V,0), let

YT G (Vg @ Vi) x P(H) — Gr2 (V@ C)% @ (V @ C)g)
denote the composition

idXt
—_—

(49) Gr®"Y (Vi @ Vi) x P(H) Gr2vH(Vir @ Vi) x Gr' (H* @ H)

M} Qp2vtitl ((V ® (C)ﬁ &) (V ® (C)]HI);

where ¢ : P(H) — Grl(H* @ H) is the linear embedding L — L@ H and @y ¢ is the
map (E7).

It is easy to see that
il 1y ,
(W) (Eae) = T (&) @ Ho 73 (0(1)),
where the m;’s are the projections from Gr?*™7 (Vi @ Vi) x P(H) to the respective
factors, &, is the universal quotient bundle over the Grassmannian, and O(1) is the
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hyperplane bundle over P(H), which is a quaternionic bundle. The maps wg}j +
assemble to give a morphism of directed systems inducing a Real map 77+1
BUL x P(H) — BUL™ with the property that (¢77+1)*(&/11) = ¢ x O(1) :=
i (¢7) @ w3 (0(1)).

We thus obtain a Real map 1 : BUZ x P(H) — BUZ™ and define

(50) U =1 xid : BUY x P(H) — BUZ™ x P(H).

Since ¥ is a non-equivariant homotopy equivalence between free (Z/2)-spaces, one
concludes that it is an equivariant homotopy equivalence.

Remark 5.2. The same procedure can be used to produce an equivariant homotopy
equivalence ® : 28 x P(H) — 293¢ x P(H).

It is easy to see that the classes cg(ﬁ{;v) (see Lemma ELT) are compatible with
the directed system (@4). Hence, they yield elements cil € H?F(BU x P(H); Z)
that are compatible with the equivalences BU{H = BU%IH, described in (HG). It
follows that we obtain well-defined classes in H?**(BUY x P(H);Z) . Using the

homotopy equivalence ¥ we define corresponding classes in BUy x P(H), and also
denote these classes by cil. The following facts are easily verified:

(a) Let f: X — (Z x BU)y be a classifying map for a quaternionic bundle E
over X. Then:

(51) cr(E) = (f xid)*(cy).

(b) Let E — X be a quaternionic bundle of rank e, and let p denote the for-
getful functor from equivariant cohomology to singular cohomology. Then,
denoting the fundamental cohomology class of P(H) by 3, we have

1 ) ea(B) x T+ 1 (E) x B, k=e mod 2,
(52) ple(E)) = {ck(E) x 1, k#e mod 2.

In particular, considering the universal bundles fi over Gr?#*J (Hk* o HF),

we see that the classes p(c}!) generate the singular cohomology of (Zx BU )y
x P(H) over H*(P(H);Z).

Theorem 5.3. Let il be the classes defined in (51). Then we have a ring iso-
morphism

H**(BUY x P(H); Z) = H**(B(H); Z) [}, o, ..., .

Proof. Since BUy’ x P(H) is free, it suffices to compute the Galois-Grothendieck
cohomology groups with Z(n) coefficients. For this we use the spectral sequence

(cf. Section [L.7)

Ey®(n) := H"(BZ/2; H(BUy x P(H);Z(n))) = ﬁ%j‘;(BUH‘}” x P(H); Z(n)),
and the pairing of spectral sequences EP(n) @ EF'¢ (n/) — EPt2watd (n 4 p/),
induced by the cup product. This pairing makes E**(x) into a spectral sequence
of Z? x Z/2-graded rings.

Set FY"Y(n) := H"(BZ/2; H(P(H); Z(n))), and note that E3 " () is a module over

F;™(%). Corresponding to each of the classes ci are elements in Ey**(k) which

are universal cycles. These cycles are denoted di. The correspondence CIEI — dy,

defines a ring homomorphism © : Fy"" () [cil, e}, ... ¢ .| — E>"(%).
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The quaternionic involution induces a map o, in H2(BUf x P(H); Z) which is
multiplication by (—1)%, hence

E%4(n) H1(BUy xP(H);Z), ¢q=2¢,n=¢ mod 2,
A(p) =
0, otherwise.

It follows from (EZ) that ©%29(g) is an isomorphism. Since EP’(n) =
HP(BZ/2;Z(n)), we see that ©P°(n) is also an isomorphism. By Zeeman’s com-
parison theorem, one concludes that

B (6) 2 FE()ler ez, ep, ]

A standard argument can be used to show that there is actually a ring isomor-
phism
H 5 (BUE x P(H); Z(x)) = H »(P(H); Z(%)) [}, €5 - . - -
By Proposition [[I5] we conclude that
H**(BUg x P(H); Z) = H**(P(H); Z) [ci, ¢, ..., ci,.. .

5.2. Projective bundle formula. It is natural to look for a relation between
the classes cj(E) and the structure of H**(P(E) x P(H);Z), as a module over
H**(X x P(H); Z).

Proposition 5.4. Let E 2 X be a quaternionic bundle of rank e, and let P(E)
denote its projectivization. If & in KH(P(E)) is the universal quotient bundle over
P(E), then H**(P(E) x P(H); Z) is a free H**(X x P(H); Z)-module generated by
Al(€), k=0,...,e — 1. Moreover, the classes c§(£), ..., (&) satisfy the following

’ Ve
relation:
e

(53) Y PG (0 E) = 0.
k=0
Proof. Let p1 : X x P(H) — X and pe : X x P(H) — P(H) be the projections.
Then G := pi(F) ® p5(Opa (1)) is a Real bundle, and there is an equivariant
homeomorphism
P(G) = P(p1(E) @ p2(Opa) (1) = P(p1(E)) = P(E) x P(H).

It follows from the projective bundle formula for Real bundles that, if O¢(1) is
the dual of the tautological line bundle over P(E) and t = cf(Og(1)), then
H**(P(E)xP(H); Z) is a free H**(X x P(H); Z)-module generated by 1,¢, ...t L.
Moreover, the classes ci (p*G), ..., cX(p*G) satisfy the relation
(54) Z (1> 4270 e o 5(a7G) = 0,

0<5<1
0<Zi+o<e

where ¢ : P(G) — X x P(H) is the bundle projection.
A simple computation shows that the classes t* can be expressed in terms of the

classes cf(€). In fact, denoting the first Chern class of the Real bundle O(2) by x
as before, we have

(55) 20 = B 5 (&) i Bis1 (6)x,

for0<di<land0<2i+d§<e.
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Hence H**(P(E) x P(H);Z) is also generated by 1,cf(¢),...,c(¢). It remains

= e

to show that (B3)) holds. Now,
e 2i5) (D7 E) = 015y (07 CG) =1 & (9151 (¢ C)x,

for 0 <6 <1land0<2i+d < e (where we set c_1(G) := 0). Hence from (54,
(B5) and the equality x? = 0, we get

(56)
DM EVE©ELEE) = Y ()P A (O iy (0 E)
= 0<5ia<e
= (=120 (270 — i 270 x) (cf (i) (@7 G) =i €2y 16y -1 (0" G) X)
0<6<1
0<2ito<e

= Y (FD)PF (T )1 (67G) = T (i5)(¢7G) x) = 0,

O

5.3. The quaternionic total Chern class map. In this section we will com-
pute the cohomology classes determined by the map ¢ and the splitting (@) of
Theorem B

Proposition 5.5. Let " € KH(P(H")) be the universal quotient bundle over P(H)

and
n

(57) Y+ 20 (PH™) — [[ F(PH)y, K(Z(2i —1),4i - 2))

i=1
be the equivariant homotopy equivalence of Corollary 24 If j. : PH") —
Zo (P(H™)) denotes the natural inclusion, then the composition

G = thy © jin : P(H") — H F(P(H),, K(Z(2i —1),4i — 2))

classifies ¢i'(€"), ¢5(§"),- ., e5p_1(€").
Proof. For n = 1, we need to 1dent1fy the element a of H>Y(P(H) x P(H);Z)
classified by the composition P(H) L Zq (P(H)) Y, F(P(H)4, K(Z(1),2). Since ¥

realizes Poincaré duality, « is the Poincaré dual of the dlagonal A C P(H) x P(H).
From the projective bundle formula (53) it is easy to see that

a="P(A) = e (prio(1) @ pr30(1)) = c1'(€").

Assume that the proposition holds for k¥ < n, and note that Proposition[2.2)(c)
implies that ¢, restricts to ¢y on P(HF), for k < n. The projective bundle formula
shows that c5. (&™) is the only class whose restriction to P(HF) is ¢k, (¢¥), for
all i = 1,...,k. Hence it suffices to show that p, o ¢, classifies ci(¢7), where p,
denotes the prOJectlon onto the last factor in (B7).

Observe that p, o ¢, is given by the composition

P(H"); = P(H")/P(H""") L 2o (P(H")/P(H" "))

o

2 F(PH) ., K(Z(2n —1),4n — 2)),
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where 7 is the projection, j is the natural inclusion and 6 is the equivalence given

in (@). The adjoint map (6o 7)" : % — K(Z(2n — 1),4n — 2) can be

described as the composition

(58)
T (0(1) @ H" ') AP(H)4
20 (T (0(1) 9 H'!) ARE)+) APH), = T (0(1) @ H'™) A (P(H) AP(H),

CH—I
0, g (§Hn=D 2= 1)y a g (S*1), = 2o (847227 = K(Z(2n—1),4n-2),

where f, classifies the Thom class of O(1) ® H"~!. One can easily check that the
pull-back of [f,] under the projection 7 : P(H") — T (O(1) ® H" ') coincides with
A 5(&™). Therefore, [p, 0 ¢p] = e 5 (€7)(€m) = &, _; (€M), and this completes
the proof of the proposition. O

We can now compute the classes determined by the total quaternionic Chern
class map cfl.

Theorem 5.6. The equivariant cohomology classes determined by total quater-
nionic Chern class map ¢ : (Zx BU)y — Zy and the splitting @0) of Theorem[37]
are

(59) 1+l +c+ .+ +--- on BUY ,

(60) ey 4+ eh, g+ on BUZ™.

Proof. Recall that there are natural equivalences BU%I = BU%IJr2 and Z%I = ZQQ

and, moreover, the map ¢ : (Zx BU)y — 2y is compatible with these equivalences.
Thus ™ induces maps

A BUY — 2% and L, BUZM — z94d

and it suffices to compute the equivariant cohomology classes they classify.

The map c]fjldd : BU]‘gﬂdd — 2834 classifies an element Dy + D3+ -+ Dajp 1 + -+ -

with
Dyi_y € HY=22-L(BU x P(H); Z), i > 1.
Note that by construction, we have ¢ (Gr?—3(HF" @ HV)) ¢ 25 *(HF" @ HF),
hence
(D2g1) gy20-s ey = 0k > 0.
It follows from Theorem B3] that there are constants A1, A2 such that

H H
D2q71 = )\102(1_1 + A X - Cags

where x € H?1(P(H);Z) is the fundamental class of P(H). To compute A1, A2 we
observe that, by Proposition the restriction of Dyg_1 to P(HY) is c5, ,(£9),
where £7 is the universal quotient bundle over P(H?). Since the inclusion

P(H?) ¢ Gr?~ (H*)Gr?? ! (H?*) ¢ Gr® ™ (H?* @ HY) c BUZZ !
classifies £7, it follows that Dag 1 pqe) = 5y 1(€9). Thus Ay = 1,A = 0 and

_ oH
Dag—1 = €541



QUATERNIONIC ALGEBRAIC CYCLES AND REALITY 4729

Now, consider the map ¢ : BUfY — 2&. It classifies an element 1+ Dy + Dy +
oo+ + Doy + -+ with Dy; € H¥2(BUf x P(H);Z), i > 1. Once again, we observe
that ¢ (Gr24—2(HF" @ HY)) c 257 (HF" @ H), implying

(D2q_2)|Gr2LI*2(Hk*@Hk) =0, k>0.

As before, we conclude that there are constants A;, A2 such that Dy, = Alcgﬂq +
Ao x'cgﬁq_l. To compute A1, Az it suffices to compute the image of Dy, under the for-
getful map to singular cohomology. In [LMS&E] it is shown that, non-equivariantly,
Z1(P(H™)), = K(Z,2) X -+ x K(Z,4n — 2), and that under this equivalence cy
classifies the total Chern class. One can show that the decomposition [B3]) is com-
patible with this non-equivariant splitting. It follows that p(Dax) = cx + cp—10,
hence A\ =1 and Ay = 0. O

5.4. The group struture on 3%(X). In this section we compute the group struc-
ture induced by the algebraic join of cycles on Zy. Recall from Proposition that
the algebraic join # induces a pairing
# : ZH X ZH — ZH
satisfying
#2728 x 2l — 24
For a Real space X, one has an identification
(61)
0 _ _ J 4r—2¢€(jg), 2r—e(j)

R0 =X 2ulze = P (X2, € @[] #7070 (xXxP(®),2)

JEZ JEZ r>1

where €(j) is 0 if j is even and 1 if J is odd. Given the splitting above one might
conjecture that the group structure induced by # is induced by the cup-product on
H**(X xP(H); Z); however this is not the case as we will show. From (G1)) it follows
that the group structure on 3%(X) is completely determined by the cohomology
class represented by the map # under the inclusions

(2l x 2y, 28 e € [ HA 204D, 2r=<itd) (20 x 2 x P(H), Z).
r>1

Also recall that BU%I maps to Z%I by ¢y and that the following diagram commutes:

BUJ, x BUJ, —2— BUZ

CcH X CH l l CH

2hx 2l 2 2t
We claim that the maps cy above induce injective maps
H**(Zy x P(H); Z) — H**(20(BUL)1 x P(H); Z)

and hence the pairing on 3%(—) is completely determined by the formula for the
quaternionic Chern class of a Whitney sum.

Let us start with the case j = 1. Let ¢« : P(H*) — BUj be the map induced by
the inclusions ¢, : P(H") — Gr'(H"* @ H") that send L to L @ H". Composing
with cg gives a map from P(H*) to Zf. The linear extension Zo (P(H")) — 2L
of this composition is, by the quaternionic suspension theorem, an equivariant ho-
motopy equivalence when restricted to the component of 1. This map factors as
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Zo (P(H™)), = Zo (BU]%H)l 2, 2k, where 7 and cg denote the linear extension of
¢ and cy, respectively. It follows that, for any cohomology theory $*, the map
H(en) : ﬁ*(Z]%H) — 9*(Zo (BU]%ﬂ)l) is injective. For 1 # j odd it suffices to ob-
serve that cg is compatible with the canonical equivariant homotopy equivalence
Zi; = Zﬁﬂw, given by inclusion of hyperplanes.

Suppose now that j is even. We need to show that cg induces an injective map

(id xcm)* : H**(Z} x P(H); Z) — H**(Zo(BU%)1) x P(H); Z).

The same argument shows that we may replace BU%I by BUg’. The homotopy
equivalences ¥ and ® from Remark[5.2 are compatible with cp, hence the following
diagram commutes:

(id xcy)™

H** (2 x P(H); Z2) —— H™"(Zo (BUg'); x P(H); Z)

“T @ﬁ
id x )™
H* (209 x P(H); Z) 3 H*(2(BUZH), x P(H); Z)
It follows that the map on top is injective.

Proposition 5.7. Let X be a Real space, and let a-b denote the product of elements
a,b in 3%(X). Consider 3%(X) included in

D II £~ (x xpw),2),

JEZ r,s>1
as in [©1)). Then, under this inclusion we have,
a-b=aUb+pr*(a/z)Upr*(b/z),

where z € Hy 1 (P(H); Z) is the fundamental class of P(H), —/z denotes slant prod-
uct with z and pr is the projection onto the first factor in the product X x P(H).

Proof. By the preceding remarks it suffices to show that the following formula for
the quaternionic Chern class of a Whitney sum holds:

ca(E© F) = ca(E) U ca(F) + pr*(ca(F) /2) U pr* (ca(F)/2).

Recall that cy(F) is defined as a combination of Chern classes of the Real bundle
E®0(1). To simplify notation we will use E and F to denote E®O(1) and F®O(1),
respectively. Let e, f be the dimensions of E' and F, respectively. We have

(62)
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where we set ck(—) equal to 1 if k is zero and ¢f(—) equal to zero if k < 0. By
Lemma [5.8 below, we have

(63)
pr*(ca(E)/z) Upr*(ca(F)/z)
L5] 1£]
= Z g1 (E)U Z f_aj 1 (F)
i=0 =0
l<$£] -

C§—23—1(E) U CH}—Q(T—S)—l(F)

— [5Raua(B) U gy s () + (r = 5)eE g 1 (B) U g,y o).

Thus, we get

(64)
cu(E) Ucu(F) + pri(cu(E)/z) Upr* (cu(F)/z)
15 2 )
= Z Z C]f—s(E) U CH}—QT-‘,—S(F)
r=0 s=0
— [P 1 (B) U gy (F) 4 1 (B) Uy (F)
L] o o
=Y o (BeF) —rc o ((E®F)x=cu(EaF).
r=0
The proposition follows. O

Lemma 5.8. Let £ — X be a quaternionic bundle of dimension e, and let z €
Hj 1 (P(H); Z) be the fundamental homology class. Then we have

P (g (B)f2) = gy (B), k=0, |57,

where —/z denotes slant product with z and pr is projection to the first factor of
X x P(H).

Proof. We will prove the case where e is even. The other case is proven similarly.
Recall from Theorem B3] that the equivariant cohomology of BUF x P(H) is gen-
erated over H**(PP(H);Z) by the classes cil, k > 1. The result will follow once we
prove the identity
pr(chy/2) = eqi_1,

where pr : BUy’ x P(H) is the projection onto the first factor. Observe that,
by construction, the restriction of ¢k to Gr¥*~2(H"* @ H*) is zero. Hence, by
Theorem 5.3, pr*(cky /z) must be a multiple of ¢Z, . Since

p(pr(cyy/2)) = p(chy,_1) = Cap1 X 1,

it follows that pr*(ck, /z) = ¢k, ;. U
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APPENDIX A. EQUIVARIANT J,-FUNCTORS

In this appendix we recall the notion of equivariant J,-functors and the “recog-
nition principle” for equivariant infinite loop spaces developed by Costenoble and
Waner in [CWOI]. Let G be a finite group and let T denote the full subcategory
of the category of based spaces whose objects are all based G-spaces. The cate-
gory T is enriched over the category GT of G-spaces and G-maps in the sense
that the morphism space Mory,(X,Y) := Map(X,Y) becomes a G-space under
conjugation, in the usual fashion.

Let GJ,. denote the category whose objects are finite dimensional real represen-
tations of G, or R[G]-modules, and whose morphisms are (non-equivariant) linear
embeddings of real vector spaces. Once again, this category is enriched over the
category of R[G]-modules, since Morgg, (V, W) becomes an R[G]-module under the
conjugation operation, for all R[G]-modules V' and W.

Remark A.1. In the non-equivariant context [May77, Def. 1.8] May defines the
category J, by requiring the objects to be finite dimensional real vector spaces
(V, (-, —)) along with an inner product and the morphisms to be isometric embed-
dings. In the same fashion, we can restrict our category GJ. to have orthogonal
R[G]-modules as objects and isometric embeddings as morphisms. In the present
context we do not need this restriction.

Definition A.2. A GJ.-functor is a continuous covariant functor T : GJ, — Tg
together with a (coherently) commutative, associative and continuous natural trans-
formation

w:TxT—-To®

satisfying the following conditions. For R[G]-modules V' and W one has:

(i) If z € TV and if 1 € T{0} is the base point, then w(z,1) =z € TV =
T(V @ {0}). (The identification TV = T(V @ {0}) is determined by the
natural inclusion V — V @ {0}.)

(ii) f V = V' @ V", then the map TV' — TV given by x — w(z,1) is a
homeomorphism onto a closed subset, where 1 € TV" denotes the base
point.

(iii) (Enriched functor) The map

T : Morgy, (V,W) — Map(TV, TW)

is a G-map.
(iv) The map w : TV x TW — T(V @ W) is a G-map.

The primary use of GJ,-functors is to provide a simple and convenient way to
build G-spaces with an action of the equivariant linear isometries operad, as we now
explain. First, let U be a complete G-universe; in other words, U is an orthogonal
R[G]-module containing infinitely countably many copies of each irreducible R[G]-
module.

Definition A.3. Given a complete G-universe U, the equivariant linear isometries
operad L.(U) is the collection {L, := Isom(U®", U) | n = 0,1,2,...}, where
Isom(U®™, U) consists of all (non-equivariant) linear isometric embeddings of U &
-+ @ U (n copies) into U. The spaces L,, are (G x &,,)-spaces, for the right action
of the symmetric group &,, by permuting coordinates and the left action of G by
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conjugation via the diagonal action on U®™. The collection L.(U) comes with
G-equivariant maps

O, : L, x Lkl X X Lkn — Lk1+~~~+k

n?

satisfying well-known compatibility conditions. See [CW91| Def. 2.1] for the general
definition of a G-operad and [CW91l Ex. 2.2] for the definition of the G-linear
isometries operad.

Remark A.4. When U is a complete G-universe, £,(U) is an example of a CW E
G-operad; cf. [CW91], Def. 2.3].

One says that a G-space X has an action of the operad L, (U) if one has (Gx&,,)-
equivariant maps

0, : L, x X*" — X,

where &,, permutes coordinates in X *™ and acts trivially on X. The collection of
maps 6,, must satisfy certain coherence conditions; cf. [CW91l Def. 2.4] or [May72].
Now, let T': GJ, — Tg be a GI,-functor, and define

(65) () := lim TV,
vcu
where the colimit is taken over the directed system consisting of all finite dimen-
sional linear subspaces of U and their natural inclusions.
The following result is an equivariant analogue of [May77, Def. 1.6].

Proposition A.5. Let T : GJ, — T be a GI.-functor. Then T(U) is a G-space
with a natural action of the equivariant linear isometries operad L.(U).

Proof. First observe that the family F of finite dimensional R[G]-submodules of U
is cofinal in the family of all finite dimensional linear subspaces of U. It follows
from Definition [A-2(iii) that given an inclusion j : V < W with V, W € F the map
% ==T(j): TV — TW is G-equivariant, and this immediately implies that 7'(U)
is a G-space.

Given W € F, denote by jw : TW — T(U) the natural map from TW to the
colimit 7(U). In particular, if V € F satisfies V. C W one has jy = jw o ji.
Following [May77] we define maps

O, ¢ Ly x T(U)*" — T(W)

as follows. Given f : U®" — U in £, and (o1,...,0,) € T(U)*"™, one can find
Vi,..., Vi, € F and elements a; € TV, such that jy,(a;) = 0y, foralli =1,...,n.
We can find W € F such that f(V1@---@®V,,) C W, hence f induces an embedding
Vi@ @V, > W. Define

~

On(f;01,...,00) = Jw o T(f)(w(ay,...,a,)).

It follows from the functoriality of 7' and properties of w (cf. Definition [A2)) that
0, is a well-defined map. This fact and all necessary coherence properties for the
definition of an operad action are proven exactly as in [May77, 1.5-1.7]. We just
have to prove that 6,, is an equivariant map.

Since W is an R[G]-submodule of U, it follows from Definition [A2(iii) that
the map jw is G-equivariant. Also, from Definition [A-2iv) one knows that w
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TVi X XTV, - T(V1®---®V,) is also equivariant. Therefore, given g € G one
has:

g4 0u(fion s 0n) = g% (jw o T(F) owlan,...an))
= jw {9+ [T() (57 + (9 @(ar,-...an))) | }
(66) —jwoT (g f)owlgrar....gran)

=0n(gxf; g*xo1,...,9%0p).
This concludes the proof. ([

Definition A.6. Given an action of £,(U) on a G-space X, the map Ly x X x X —
X gives X the structure of an equivariant H-space. In this case, we say that X
is G-group complete if for every subgroup N < G the fixed point space X% is a
group-like H-space in the usual sense; in other words, mo(X?) becomes a group
under the operation induced by the H-space structure.

The recognition principle, proven in [CW9T], is the following theorem. See Defi-

nition 11,

Theorem A.7. Let C be a CW E., G-operad, and let X be a group-like based
G-space of the homotopy type of a G-CW -complex on which C acts. Then X is
G-homotopy equivalent to an equivariant infinite loop space.

A.1. The case G = Z/2. When G = Z/2, our preferred complete Z/2-universe
is (C*,0,(-,+)), where o is the complex conjugation action on C* and (-,-) is the
usual Hermitian product in C*.

In this case, we can make a minor modification of the definition of a Z/2J,-functor
which is more suited to our constructions. Define RJ, as the category whose objects
are the finite dimensional Real vector spaces (V, o) and whose morphisms between
(V,o) and (W, T) consist of the complex linear embeddings j : V' — W between
the underlying complex vector spaces. Note that Morgg, ((V, o), (W, 7)) becomes a
Real space in the usual fashion, and hence the category RJ, in enriched over Z/27.

Definition A.8. A RIJ,-functor is a continuous covariant functor 7" : RJ. — Tz,
together with a (coherently) commutative, associative and continuous natural trans-
formation

w:TxT—Tod.
Writing TV to denote T'(V, o), we require that T satisfies conditions (i) through
(iv) in Definition [A2] with G replaced by Z/2 and GJ, replaced by RJ,.

Let F denote the directed system consisting of the finite dimensional Real sub-
spaces (V,0) of (C*,0) and their inclusions. Given an RJ,-functor T', define
(67) T(€>):= lm TV.
(V,o)eF

Proposition A.9. Given an RI.-functor T, T(C™) has a natural action of the
equivariant linear isometries operad L. (C™).

Proof. The proof is exactly the same as the proof of Proposition [A-5 with G re-
placed by Z/2. O
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